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The inverse scattering problem for the relativistic three-dimensional equation 
(2£ p / - 2E P ) < p'|^p >= -JV(t)d 3 p" < p"|^ p > with E p = ^Jui 1 + p 2 and t = 

(E p > — E p ii^J — (p' — p") is considered. The field-theoretical potential V(t) of this 
equation is constructed in the framework of the old perturbation theory. It contains all 
contributions of diagrams with intermediate off-mass shell particles. In particular, this 
potential reproduces the OBE Bonn model of the A^A^ potential exactly. For the ttN scat- 
tering it is generated by a, p, tu-meson exchange diagrams. The inverse scattering problem 
is solved by reduction of these relativistic equations to the standard Schrodinger equations 
(A r + k 2 ) < r|0 p >= —v(r) < r|0 k > with E p = k 2 /2m + m. The relation between the 
relativistic potential V(t) and its nonrelativistic representation v(r) is obtained. 
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The inversion method for the reconstruction of the potential in the Schrodinger equation 
is needed for the numerous problems in nuclear and particle physics However, the 

relativistic generalizations of the inverse scattering methods in the quantum scattering 
theory was carried out for the one particle relativistic equations such as the Dirac or 
Klein-Gordon equation only. [[L]]. The aim of this paper is to extend the inversion method 
for the determination of the potential in the field-theoretical equations. In particular we 
consider the scheme of the relativistic generelization of the Schrodinger equations for the 
NN scattering amplitudes 0. 

The relativistic equation in the time-ordered three-dimensional field-theoretical formu- 
lation for the NN amplitude < p'|t(i?(p)J |p > |||7j has the form of the Lippmann- 
Schwinger equation 

< p'\t(E( P ))\ P >=< P'\U(E( P ))\ P > + / dp" < p"\t(E(p))\p >, 

(1) 

where p' and p denotes the nucleon relative momentum in the cm. frame and E(p) = 
2E P = 2yjp* + m%. 

The relativistic equation (1) for the NN amplitude was derived in the framework of 
the standard S'-matrix reduction technique by using the completeness condition for the 
asymptotic "in" states ||[7|]. Moreover in Ref. |7j there were considered the explicit connec- 
tions of the equation (1) with the quasipotential reduction of the Bethe-Salpeter equation 
and with the other three-dimensional time-ordered field-theoretical equations. The brief 
analysis of the Lippmann-Schwinger type equation (1) is given in the appendix. 

The potential in the equation (1) consist of the on-mass shell meson exchange potential 
(A6c) (Fig.l) and of the NN potential y(t) (A6a,b) which are generated by the equal- 
time commutators and which dependent on the square of the four-momentum transfer t. 
The NN potential y(t) contains the off- mass shell meson exchange part (Fig. 2 A) and the 
NN overlapping (contact) potential (Fig.2B). 

The vertex functions < p'^l J PJV (0)|p 7r ip; in > and < 0| J PJV (0)|pArp 7r i; m > of the 
transition N — > Nttx can be determined from the ttN scattering phase shifts by us- 
ing the dispersion relations 0. The vertex functions < p' N \J PN (0)\p n ip n 2~, in > and 

< 0| J PN (0)|pjvP7riP7r2; in > of the transition N — ► Nttitt2 can be obtained by using 
the results of the calculation of the tcN scattering amplitude with one crossed pion etc. 
Therefore we can assume that the nonlocal, on-mass shell meson exchange potential in 
eq.(A6c)-see (Fig.l) is defined "a priory". Afterwards one can subtract the contributions 
of this "a priory" fixed potential from the complete NN phase shifts. Thus the inverse 
scattering problem for the relativistic Lippmann-Schwinger type equation (1) is reduced 
to the investigation of the relativistic equation 

<p'|T| p >=^(( j e; p ,- j e; p ) 2 -(p'-p) 2 ) 
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Figure 1. Diagrammatic representation of the time-ordered NN interaction potential with on-mass 
shell intermediate pions. The full circles denote the vertex functions < p'jvI^pn (0)|P7ri> Pn2---] in > and 
< 0| J PN (0)|p7vP7riP7r2---; in > with the one off-mass shell nucleon. 





Figure 2. The NN interaction with the off-mass shell ir, a, p, u>, ... meson exchange- diagram (A.) and 
with the four nucleon overlapping or contact term diagram (B). The shaded circle corresponds to the 
vertex function < pVIj'i-(0)|pjv > with off-mass shell pi-meson and the other ttNN vertex functions in 
the diagram A are given in the tree approximation according to equation (4). 



Jy((E p ,-E p „f-( P '- P yy 



dp" 



< p"\T\p >, 



2E P + io- 2E P » 

where E p = \Jm 2 N + p 2 and the NN potential y (A6b,c) is depicted on the Fig. 2. 
It is convenient to present equation (2) for the wave function < p'l^p > 



(2) 



(2E P , - 2E P ) < p'|* p >= J dp"y((E p , - E p „f - (p' - p") 2 ) < p"|^ P >, (3) 



where < p'|T|p >=< p'|3^|^ p >. 

In order to transform Eq.(3) to the nonrelativistic form we introduce the variables 



k 2 =m N (2E p -2m N ); \ = - 

K J) 



and 



u = k\ 



I k" 2 
4m 2 N 



+ 1; v = k", 



\ 4m 



+ 1 



(4) 



(5) 
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which satisfy the important condition [] 

t = -(u - v) 2 = (£ p , - E p „) 2 - (p' - p") 2 . (6) 
Then equation (3) takes the form 

(k' 2 - k 2 ) < k'l^k >= J dk"Y^-(u - v) 2 ) < k"|^ k >, (7) 



where J 1/2 (k") < k"|^ k >=< p"|^ P >; J 1/2 (k')Y\-(u - v) 2 ) J 1 / 2 ^') = y(t) and 

J(k") = p" 2 dp"/k" 2 dk". 

Now we present Eq. (7) in the coordinate space using the Fourier transform 



(A r , + k 2 ) < r'|* k >=-j e^^^Y^-(u ~ v) 2 )e ?k " r "rfr" < r"|^ k > (8) 
Inserting 

y(-(u-v) 2 ) = / rfze i(u - v)z F(z). (9) 



into Eq. (8) we obtain 

(A r / + k 2 ) < r'|* k >= -y| e zV '-'[\/ A r"/4m^+i-i] e - z v r „[ x /A r //4m|,+i-i] 

J (2jc) 6 [2-k) 6 

where the operators in the big curly brackets act on the function which are included in 
this brackets and A r / = V 2 / = d 2 , 

After integration over k' and k" we find 

(A r / + k 2 ) < r'|* k >= -|y e ^r'W\"/^ 2 N +i-i] e - z v rll [^/A r ,/4 m %+i-i] 

dv"5(z - r')5{r" - z)V(z)dz < r"|^ k > . (11) 

The operators e^VW^+i-i] &nd e -^ r „[^ a t , /a^ n +i-i] compensate each other on 
the surface r' = r" = z. Therefore we obtain the standard Schrodinger equation 

(A r , + k 2 ) < r'|* k >= -F(r') < r'|tf k > (12) 



1 For the variables u and v there is a more transparent representation u = P f \J + +m N anc ^ v 

„ / A' p „ +m N 
V V E„,+m N ■ 
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Our main result is the explicit reduction of the relativistic Lippmann-Schwinger equa- 
tion (3) with the potential y(t) to the standard Schrodinger equation (12) with the aux- 



iliary variable 2mAryp 2 + m^ — 2m 2 N = k 2 (4). This result allows to determine the 
relativistic potential y(t) (or Y(t)) from the nonrelativistic potential Y(r') using the 
standard Scarodinger equations (12) and the well known inverse scattering theory |l] [|. 

Summarizing the above formulation of the NN scattering problem, we see that in order 
to apply the inverse scattering methods to the present field-theoretical equation (1) one 
must take into account the structure of the NN potential. The complete NN potential 
consists of the nonlocal (on-mass-shell pions exchange) part (Fig.l) and of the off-mass 
shell meson exchange part y(t) (Fig. 2). The contribution of the potential shown in Fig.l 
is constructed from the nN vertex functions with one of the nucleons being off-mass 
shell. These vertex functions can be obtained from the irN phase shifts by using the 
dispersion relations. Therefore in the present formulation the inverse scattering problem 
is reduced to the determination of the y(t) potential in the equation (2). This is because 
the other part of the iViV potential in the equation (1) can be constructed from the irN 
scattering amplitudes. One can build the potential y from the corresponding NN phase 
shifts, by using the inverse scattering methods for the nonrelativistic potential v(r) of the 
Schrodinger equation (12) 0. 

The potential y(t) is generated by the equal-time anticommutation relation (A6a) and 
it is generally the function of the t-variable. For the simplest Lagrangian (A5) y(t) 
consist of the terms, describing the exchange by the off-mass shell mesons: 7T, a, p, cu, ... 
(A6a) (Fig.2A) and of the contact terms (A6b) (Fig.2B). Therefore the determination of 
the potential y in the framework of the inverse scattering methods can help us to clarify 
the form of the general meson-nucleon Lagrngians. The formulation considered above can 
be extended easily to the ttN — ttN and ttN — jN scattering reactions. 

The author is indebted to H.V. Geramb and A. A. Suzko for discussions and for the 
interest to this work. 

APPENDIX 

The well known expression for the NN scattering 5-matrix with the local meson and 



the local nucleon field operators Q(x) and ty(x) has the form [|T4|,p~5 



S n' N 1 <=nn =< out; p' 1 s'ip / 2 s'2|piSiP2SAr 2 ;m >=< in; p / is'ip / 2 s'2|piSiP2SAr 2 ; in > + 

2 Unlike the nonrelativistic case, in the considered relativistic formulation r does not have the physical 
meaning of the coordinate. This variable should be treated as the auxiliary variable which is conjugate to 
the momentum p. In the Ref.[OI x = iy/l +p 2 /m 2 d/dp was treated as the generators of translation in 
the Euclidean p-space with the!? — L 2 /ro 2 Casimir operator of the Lorentz group. In this field-theoretical 
approach the relativistic analogue of the Fourier transformations (the Shapiro transformation jl3j with the 
complete set of the functions £(p, x)) was used. The final equation have the form H (2E p —H ) < r\(p p >= 
— l/2mV(r, E p ) < r 1 p > with the free Hamiltonian H a = 2m ch(i/md/dr) + 2i/r sh(i/md/dr) + 
Ag.^/mr 2 exp(i / md / dr) . 
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+V 1 , 2 ,V 12 (27r) 4 % 5^(p[ + p' 2 - Pl - p 2 )A N 



An'N'^nn = Vvi' < out; p / is'i|«/p' 2 s' 2 (0)|piSip2Si; in >= equal time anticommutators + 

VvvVu j d A xe { -^ < pW^J^iOW-Xop^x) -J PlSl (x)8(xo)J P ' 2 s> 2 (0))\PN2S2 > 

(A2) 

where p'js'j and p^Sj denote the three momentum and the spin of the nucleon, i — 1,2 
correspondingly in the final and in the initial states, V\ 2 = 1/2(1 — P 12 ) stands for the 
antisymmetrization operator with the nucleon transposition operator P 12 , J p > 2S > 2 (x) = 

u(p' 2 s 2 ) J(x)u(p' 2 s 2 ) {i^dfj,— rriN^(x) is the nucleon source operator which is determined 
by the Dirac equation of motion, u(pns) stands for the Dirac bispinor function and 
9{x ) = 1 if x Q > and 8(x ) = if x a < 0. is the well known step function. 

Substituting the completeness condition J2 n \n; in >< in; n\ = 1 into eq. (A2) between 
the source operators,we obtain after integration over x 



An'N'-^nn = equal time anticommutators + (27r) 3 Vy 2 <Vi 2 

£(Pl+P2~P n) 
1 _i_ p po 

s n=d,NN,irNN,... "^Pl ~ ^P2 1 n 



( / /It /mi • ^ ^(Pl + P2 — Pn) • 

I <p 1 s 1 \J pl ^A$)\n;in> — _ < in; n\ J PlSl (0)|p 2 S2 > 



- < P\s' 1 \j pisi (0)\m;tn > p P/l _ _ P p } < m;m|J p ^ 2 (0)|p 2S2 >), (A3) 

m=7r,7T7r,... p'l ^Pi m ' 

where = (^E PN ,p N ^j = (\Jpn 2 + ni%, p/v) denotes the four momentum of the on- 
mass shell nucleon. 

Comparing equation (A2) with equation (A3), we see, that the time-ordering proce- 
dure in eq. (A2) is replaced by the linear propagator which consists from the energies of 
the outside and inside particles. Besides in the equation (A2)only the sum of the three- 
momentums of the all intermediate particles is conserved. However, the main property of 
the present field-theoretical formulation is that it is the only one, where the one variable 
vertex functions like < p'jy| J/3(0)|Ptt > or < p'jvl-VWp'V > (in the equal time anticom- 
mutators) are required as input functions for the construction of the NN potential. 

The equal time anticommutators in equations (A2) and (A3) have the form 

equal time anticommutators = y(t) = Vv 2 iV\ 2 < p' is'i\{j p < 2S < 2 (0),b plSl (0)}\p 2 s 2 >, 

(AA) 

where the operator b pisi (y ) = j d 3 ye ipiy Jo^(y)u(piSi) tends to the nucleon creation 
(annihilation) operator in the asymptotic region lim X0 ^± oo b + ps (x o ) ==>- b + ps (out or in) 
and satisfy the anticommutation relations {b p > s i(x ), b + ps (x )} = E p /m^5 s i s 5(p' — p). 

The exact form of the equal-time anticommutators (A4) can be derived using the usual 
form of the meson-nucleon Lagrngians 
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C int = g„W(T + ^*7 57m *^$ w + gvV-yflV + /^*<v*(W - d"V»), (A5) 

where ^ and $y denote the field operators of the a, it and of the V = p, u mesons. 
Using the equal-time commutation relation between the Heisenberg field operators, we 
obtain 

y(t) = VvvVu < p' 1 s / 1 |{j p , 2S , 2 (0),6i iSi (0)}|p 2S2 >= VvxVu. 

- ( , M / ^< P'lS / i|j <T (0)|p 2 S2 > f v -I / / \ / x< P , lS'i|j^(0)|p 2 S 2 > 

gMP 2 s 2MP1S1) +1- u{p 2 s 2 7 5 w(PiSi) 

t — mr a im^m^ t — m* 

, —/ 1 1 \ , x< P'is , i|j^(0)|p 2 s 2 >\ 

+gvu(p 2 s 2j7uW(piSi) 5 + contact terms {Aba) 

t — my J 

, n <r> f E p'2- E Pi- { 1 /n. /* / n< P / is'i|j^(0)|p 2 s 2 > 

contact terms = Vv2'Vvi \ — u{p 2 s 2 )i- 7b7oU(PiSi) 7 5 

V 2m n Zm^m^ t — m^ 

+ -^M(p , 2 s' 2 ) M (p lSl ) < p / lS / 1 |^ r (0)*(0)|p Ar s 2 > 
87717V 

+ -^M(p , 2S / 2 )7 57o M(p lSl ) < p / lS / 1 |^(0) 7 57o*(0)|p 2 s 2 > +..) (A6b) 

om jy / 

where t = (p' N — p^) 2 = (-E'p'jv — E pn) 2 ~ (p'n ~ Pn) 2 and due to the Lorentz-covariance 
of the scalar (a), pseudoscalar (tt) and vector (V = p,u) vertex functions the following 
simple expressions 

< p'jvba(0)|pjv >= gaG a (t)u(p' N )u(p N ); < pVbV(0)|pAr >= ig v G v (t)u(p' ' N )^u(p N ) 

< p'ivbv(0)|Piv >= g v Gv(t)u(p f N )Yu(p N )- (A7) 

are vaid. The diagrammatic representations of the three-dimensional equations (A6a) 
and (A6b) are given in the Fig. 2. The first three terms of the eq. (A6a) corresponds to 
the one off-mass shell meson exchange NN interaction potential and these terms exactly 
coincides with the OBE NN Bonn potential. However, in the original derivation of 
the Bonn OBE potential model from quasipotential equation, the dependence of meson- 
nucleon vertices on the off mass-shell variables Pn 2 7^ fn 2 N an d p'n 2 7^ rn 2 N has been 
neglected. In the present field-theoretical formulation this approximation is not needed. 
In this meaning the present derivation can be considered as an additional justification for 
the Bonn OBE potential model of the NN interaction. The contact or overlapping terms 
in eq. (A6b) are generated by the nonrenormalizable pseudoscalar and vector parts in 
the Lagrangian (A5). If we take the renormalizable pseudoscalar coupling L ps = ig n ^j^S 
instead of the pseudovector coupling in the Lagrangian (A5), the first term in the right 
hand side of eq. (A6b) vanishes ||,[/J . The other terms of the relation (A6b) are produced 
by the nonrenormalizable fourth term of the Lagrangian (A5). In Ref. @H the structure 
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of the contact (overlapping) terms of the NN interaction potential with quark degrees 
of freedom was investigated. The contact terms of the NN potential were shown to 
consist of quark-gluon exchange contributions. In addition it was obtained that due 
to the structure of the equal-time commutators the quark-gluon exchange terms do not 
violate the unitarity condition for the NN scattering amplitude. 

The considered field-theoretical equations are connected analytically with all the other 
field-theoretical equations, i. e. we can derive the Bethe-Salpeter equation in the frame- 
work of the S'-matrix reduction technique. Therefore, all results obtained in the framework 
of this time-ordered three-dimensional equations remain valid in the other field-theoretical 
approaches as well. This formulation is free from the "three-dimensional ambiguities" 
which emerge during the reduction of the Bethe-Salpeter equation in the three dimen- 
sional form. The structure of the present field-theoretical equations does not depend on 
the choice of the form of the effective Lagrangian. 

The second term of the eq. (A3) is depicted in the Fig. la as the on- mass shell me- 
son exchange diagram. After the cluster decomposition procedure i.e. after separa- 
tion of connected and disconnected parts in the amplitudes < in; m\ J p v(0)|ps > and 
< in; n\ J ps (0)\ps >, one obtain the 8 skeleton diagrams for the connected parts of the 
transition amplitudes. We can omit the diagrams with the two and more on-mass shell 
meson exchange and we will neglect the contributions of the nd and nNN intermediate 
states, and of the anti-particle d,NN,... intermediate states in the low energy region. 
Therefore, after cluster decomposition we obtain only other time time-ordered pi-meson 
exchange diagram which is depicted in the Fig. lb. Thus we can define the inhomogeneous 
term of the eq. (A3) as 

< p / is'ip' 2 s'2|W^|Pi'SiP2'S2 >= equal time anticommutator s 
+ (2n) 3 Vr 2 'Vj- ]T < pVi|7 piai (0)|m;m > c ^ Pl ~^ 1 ~_ P p o ) < in; m\ J p ^ 2 (0)|p 2 s 2 > c 

\ m=7r,7T7r,... p'i Pi m 

+ Y, < 0|^W0)|p 2 s 2 m;in > ^~ P2 ~ Vl ~ P ™] < in; m pVi| -W 2 (0)|0 >), 

r7i=7r,7T7r,... - C/ P2 -^Pi * m ' 

(AQc) 

where the subscript V denotes the connected part of the corresponding transition ampli- 
tude. 

Using the eq. (A6c) we can rewrite the equation (A3) in the cm. frame as 
< p'|T|p >=< p'|W|p > +E < P'\ T \ P d > "FT/ \~ < ^I^IP > 

+ / < p'' r 'p" > g(P )X g (p- ) <p " |rt|p> {A8) 

where we have omitted the spin variables for the sake of simplicity, E(p) = 2^p 2 + m% 
is the energy of the iViV state, Pd = (m^, 0) is the four momentum of deuteron in the 
cm. frame 
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< p'|T|p >= - < p / is'i|J p / 2S / 2 (0)|piSip / 1 s / ip 2 s 2 ;m > (A9a) 
< p'\T\P d >=-< pVil4>V a (0)|P*Sd; in > (A9b) 

The potential term V in eq. (A8) consist of the on-mass shell pion exchange diagrams 
(see the second term of eq. (A3) and the diagrams shown in Fig.l) and of the equal-time 
commutator (A4). In the general case the commutator is reduced to the off- mass shell 
7r,cr,p,u;-meson exchange diagrams and to the contact terms shown in Fig.2A,B. In the 
framework of the simplest Lagrangian (A5) the exact form of this commutators is given 
by eqs.(A6a,b). 



W = V(on mass shell meson exchange) +y (t) (o f f mass shell meson exchange) (A10) 

The procedure of the exact linearization of the quadratically nonlinear equations (A8) 
for -kN, NN and 7A — ttN — 77? iV — 7T7riV scattering reactions is described in the ref. 0, 

SUSHI • 

The on-mass shell meson exchange part of the NN potential V (Fig.l) is nonhermitian, 
but yt(t) = y{t). Nevertheless we can obtain the linear energy dependent potential 
< p'\U{E)\p > from < p'|W|p > 

< p'\u(E = E(p')) |p >=< p'|W|p > (All) 



so that off energy shell U(E) is hermitian < p'\W(E)\p >=< p'\U(E)\p >, but on 
the half-energy shell U(E) (as well as W) is not hermitian < p'\W(E = E(p')\p >^< 
p'\U(E)\p >. This property allows us to derive the Lippmann-Schwinger type equation 
exactly , by using Eq. (A8) ||[7| exactly 

< p'\t(E)\p >=< p'\U(E)\p >+J< p'\U(E)\p" > — - t ^ E(pri) < p"\t(E)\p > 

P (A12) 

On the energy shell the solution of equations (A8) and (A12) coincide, i.e. < p'\t\E(p) = 

-^(p'))|p >=< p'I^Ip >• Equation (A12) coincide with the equation (1) on the half- 
energy shell E = E(p). 



REFERENCES 

1. K. Chadan and P.C. Sabatier, Inverse Problems in Quantum Scattering Theory. (New 
York-Heidelberg-Berlin, Springer- Verlag) 1977. 

2. R. G. Newton, Scattering Theory of waves and Particles. (New York-Heidelberg- 
Berlin, Springer- Verlag) 1982. 

3. B.N. Zakhariev and A. A. Suzko, Direct and Inverse Problems, Springer- Verlag 1982. 



10 



4. Lecture Notes in Physics 427, Quantum Inversion Theory and Applications eds. 
H.V.Geramb, (Springer Verlag 1993.) 

5. see [4] pages 285,314 and 342. 

6. A. I. Machavariani and A.G.Chelidze,J. Phys. G9(1993) 128. 

7. A. I. Machavariani, Phys. Part. Nucl. (Sov. J. Part. Nucl.) 24(3) (1993) 317. 

8. A. I. Machavariani, A. J. Buchmann, Amand Faessler and G. A. Emelyanenko, Ann. 
of. Phys. 253 (1997) 149. 

9. D. N. Epstein, Phys. Lett. 79B (1978) 195; W. I. Nutt and CM. Shakin, Phys. Lett. 
79B (1978) 290. 

10. A. I. Machavariani and A.G. Rusetsky, Nucl. Phys. A515(1990) 671. 

11. A. I. Machavariani and Amand Faessler, Preprint |nucl-th/0202060| vl 2002, (to be 
publ. in Nucl. Phys. A). 

12. V.G. Kadyshevsky, R.M. Mir-Kasimov and N.B. Skatchkov, Nuovo Cim. A 55 
(1968)233; Sov. J. Part. Nucl. 2 (1972) 69. 

13. I.S. Shapiro, Dokl. Akad. Nauk SSSR 106 (1956) 647; Sov. Phys. Doklady, 1 (1956) 
91. 

14. J. D. Bjorken and S.D.Drell, Relativistic Quantum Fields. (New York, McGraw-Hill) 
1965. 

15. C. Itzykson and C. Zuber. Quantum Field theory. (New York, McGraw-Hill) 1980. 



